The variational approach to QCD in Coulomb gauge is revisited. By assuming the non-Abelian Coulomb potential to be given by the sum of its infrared and ultraviolet parts, i.e. by a linearly rising potential and an ordinary Coulomb potential, and by using a Slater determinant ansatz for the quark wave functional, which contains the coupling of the quarks and the gluons with two different Dirac structures, we obtain variational equations for the kernels of the fermionic vacuum wave functional, which are free of ultraviolet divergences. Thereby, a Gaussian type wave functional is assumed for the gluonic part of the vacuum. By using the results of the pure Yang-Mills sector for the gluon propagator as input, we solve the equations for the fermionic kernels numerically and calculate the quark condensate and the effective quark mass in leading order. Assuming a value of σC = 2.5σ for the Coulomb string tension (where σ is the usual Wilsonian string tension) the phenomenological value of the quark condensate ψ ψ ≃ (−235 MeV) 3 is reproduced with a value of g ≃ 2.1 for the strong coupling constant of the quark-gluon vertex.
I. INTRODUCTION
In recent years the vacuum sector of Yang-Mills theory was treated within the Hamiltonian approach in Coulomb gauge using the variational principle [1] [2] [3] . In the approach of ref. [3] , the Gribov-Zwanziger confinement scenario [4, 5] was found to be realized [6] : A linearly rising static quark potential, as well as infrared (IR) diverging ghost form factor and gluon energy (see eq. (36) below) were found. The latter could be nicely fitted by Gribov's formula [4, 7] .
In ref. [8] , the variational approach to Yang-Mills theory in Coulomb gauge was extended to full Quantum Chromodynamics (QCD). Thereby the coupling of the quarks to the gluons was included in the (fermionic) vacuum wave functional by a single Dirac structure corresponding to the quark-gluon coupling in the QCD Hamiltonian. In ref. [9] , a second Dirac structure for the quark-gluon coupling was included. Thereby it was observed that the leading (linear) order ultraviolet (UV) divergences cancel in the gap equation for the scalar variational kernel. However, in ref. [9] the Coulombic part of the non-Abelian Coulomb term was not properly included due to a sign error. Here we show that with the proper inclusion of the Coulombic part of the non-Abelian Coulomb potential all UV divergences cancel in the quark gap equation. The latter is solved numerically and results are presented for the quark condensate and the effective quark mass.
The organization of the paper is as follows: In the next section, we present the QCD Hamiltonian in Coulomb gauge and summarize some results obtained for the pure Yang-Mills theory, which serve as input for the quark sector. The variational ansatz for the QCD vacuum wave functional as well as the variational equations of motion are presented in sec. III A. The UV behavior of these equations is discussed in sec. III B, while the static quark propagator and the chiral condensate are given in sec. III C. The numerical solution of the variational equations of motion is presented in sec. IV and some concluding remarks are given in sec. V.
II. THE QCD-HAMILTONIAN IN COULOMB GAUGE
The QCD Hamiltonian in Coulomb gauge, ∇ · A = 0, reads [8] 
where
is the Hamiltonian of the transversal components of the gauge field. Here
Typeset by REVT E X is the operator of the canonical momentum of the gluons (which represents the color electric field) and
is the non-Abelian color magnetic field (g is the bare strong coupling constant and f is the structure constant of the color group). Furthermore,
is the Faddeev-Popov determinant where
denotes the Faddeev-Popov operator containing the covariant derivative in adjoint representation
The second term in eq. (1) denotes the Dirac Hamiltonian of the quark field ψ interacting with the gauge field A,
with t being the generator of the color group in the fundamental representation. Finally, the third term in eq. (1), the so-called Coulomb term
stems from the longitudinal components of the canonical momentum operator after resolving Gauß's law. Herê
is the Coulomb kernel and
is the color density of the gluons and quarks. Up to two-loop order in the energy, it is sufficient to replace the Coulomb kernel by its gluonic expectation value
(which yields the static color potential V C ) and to use the Gaussian functional
for the Faddeev-Popov determinant where
is the ghost loop referred to as curvature [10] . The actual calculation performed in ref. [6] shows that the Coulomb potential (12) can be nicely fitted by a superposition of a linearly rising and an ordinary Coulomb term, i.e. by a sum of its IR and UV limits,
where σ C is the so-called Coulomb string tension and α S = g 2 /4π.
III. VARIATIONAL APPROACH
A. Variational ansatz and equations of motion Following ref. [9] , we use the ansatz
for the QCD vacuum wave functional where the gluonic part is given by the Gaussian type functional
with a normalization factor N , the fermionic determinant I = φ Q |φ Q and ω being a variational kernel. For the quark part the ansatz [9] |φ
is assumed, where ψ ± denotes the positive/negative spectral projection of the field operator, |0 is the bare fermionic vacuum (Dirac sea) and
contains three variational kernels S, V , W , which, together with ω, have to be determined by minimizing the ground state energy. The ansatz (18) , (19) for the quark wave functional reduces for V = W = 0 to the BCS-type wave functional used in refs. [11] [12] [13] [14] and for W = 0 to the ansatz considered in ref. [8] . In ref. [9] , the vacuum energy H QCD ≡ φ|H QCD |φ was calculated with the wave functional (16) up to including two loops. This is conveniently done in momentum space. We use the same convention as in ref. [9] for the kernels (d≡ d/2π)
and analogous definitions for the Fourier transforms of ω(x, y) and W (x, y; z). Here we have exploited translational and rotational invariance and overall momentum conservation. The quark field is expanded as
where a (b) denotes the annihilation operator for a (anti-)quark state and u (v) is the Dirac eigenspinor with positive (negative) eigenvalue. Furthermore, s = ±1 is the double of the spin projection.
Variation of H QCD with respect to the scalar kernel S yields the following integral equation [9] 
to which we will refer as (quark) gap equation. Here,
is the contribution of the Coulomb term H C (9) with the Casimir factor
being the Coulomb potential (15) in momentum space. Furthermore,
result from the free single particle Dirac Hamiltonian,
are the contributions stemming from the quark-gluon coupling in the Dirac Hamiltonian H Q (8) and, finally,
results from the action of the operator of the gluonic kinetic energy H YM (2) on the quark wave functional. In the above equations, we have used the abbreviations (p = p/p)
The variational equations for the quark-gluon coupling kernels V and W can be explicitly solved in terms of S(p) and ω(p) yielding [9] V (k,
and
In principle, our approach yields also a variational integral equation for the gluon propagator ∼ ω −1 (p), see ref. [9] . However, here we perform a quenched calculation and use for ω(p) Gribov's formula [4] 
which nicely fits the lattice data with a Gribov mass of M G ≃ 880 MeV [7] .
B. UV-behavior
Assuming that the scalar kernel S is vanishing sufficiently fast in the UV as expected from asymptotic freedom, one finds that the loop terms on the r.h.s. of the gap equation (23) containing the vector kernel V yield the UV divergence
(Λ is the UV cutoff and µ an arbitrary momentum scale) while the loop terms containing the vector kernel W give
Finally, the loop contribution (24) of the Coulomb potential gives rise to the UV divergence
The crucial point now is that the sum of these UV divergent contributions vanish so that the quark gap equation (23) The static quark propagator
can be calculated along the same lines as the ground state energy and reads in momentum space (up to including one-loop terms) [9] G
where the loop terms are given by
The UV analysis of these loop contributions yields the following, divergent behavior:
The quark propagator (41) can be rewritten in the quasi-particle form
2 Note that this UV divergence is exclusively stemming from the UV part of the Coulomb potential V UV C (p) (25) while its IR part V IR C (p) yields UV finite contributions. 3 In ref. [9] due to the wrong sign of the Coulombic term V UV C (p) (25) the cancellation of the logarithmic UV divergences was missed.
with an effective quark mass function
and the field renormalization factor
From the expression (46) for the static quark propagator one finds for the chiral quark condensate
Spontaneous breaking of chiral symmetry, ψ ψ = 0, obviously requires a non-vanishing mass function M (47) (or scalar kernel S).
The one-loop terms (42), (43) in the propagator (41) give rise to two-loop terms in the quark condensate. When their UV-divergent pieces are removed by counterterms in a minimal subtraction scheme, we find that the finite contributions to the loop integrals (42), (43) have only small effect (some percent) to the quark condensate and will hence be ignored in the following. The quark condensate is then given by
where the mass function (47) is now given by
plays the role of a quasi-particle energy.
IV. NUMERICAL RESULTS

For the numerical solution of the quark gap equation (23) it is convenient to rewrite it in terms of the mass function (51). This yields
where the loop terms on the r.h.s. are given by while the vector kernels (34), (35) read
Let us stress that the transformation of the gap equation (23) for S to the equation (53) for M (51) is exact, i.e. equations (23) and (53) are completely equivalent even if eq. (51) is only the leading-order expression for the mass function M (47).
In the following, we make some remarks on the numerical solution of the quark gap equation (53). In the limit g = 0, this equation was already solved in a number of previous papers, see refs. [14, 15] . However, the numerical method given e.g. in ref. [15] is not applicable to the full equation (53). This is because this method separates an IR finite term into two IR divergent terms, which would suppress the remaining IR finite terms of the full equation (53).
In order to solve the gap equation (53), we first shift the loop momentum p + k → q which simplifies the handling of the apparent IR divergence of V IR C (q) at q = 0. After switching to spherical coordinates for q, the integration over the azimuthal angle becomes trivial yielding a factor of 2π while for the polar angle the common substitution q ·k = z is used. The remaining integrations over z and |q| = q are carried out by means of a standard Gauß-Legendre quadrature thereby introducing finite IR (κ) and UV (λ) cutoffs for the q-integration. 4 The numerical solution is stable for reasonable values of the cutoffs (κ > 0.8 MeV, λ < 16 GeV). The number of sampling points for the z-integration manifests itself in the numerical result as second scale (beside the physical scale given by the Coulomb string tension σ C ). This can be clearly seen in fig. 1 where the mass function for g = 0 is presented on a logarithmic scale. In the UV, the numerical solution shows a power-law behavior up to a critical momentum where a bending sets in. The appearance of this critical momentum is an artifact of our numerical procedure. Increasing the number of integration points of the angular integral shifts this critical momentum to higher values. For simplicity, we calculate the numerical solution only for a moderate number of sampling points (∼ 30) and determine the UV behavior of M (p) by fitting it to a power-law.
In the numerical calculation, we use a Coulomb string tension of σ C = 2.5σ, where σ = (440 MeV) 2 is the Wilsonian string tension. This value is favored by the lattice calculation reported in ref. [16] . The quark-gluon coupling constant g is adjusted to reproduce the phenomenological value of the quark condensate ψ ψ ≃ (−235 MeV) 3 [17] . This yields g ≃ 2.1, which corresponds to a value of the running coupling constant (calculated in ref. [6] from the ghost-gluon vertex) in the mid-momentum regime. 
Above p ≃ 1 GeV, we use the power law fit
with the fit parameters m C = 278 MeV and C = −2.467. As can be seen from fig. 2 (a), this yields a suitable fit to the numerical data points. From eq. (62), we can conclude that the IR limit of the mass function is given by M (p → 0) ≃ 134 MeV which is almost the same as for the Adler-Davis model (133 MeV). However, the UV exponent C obtained from (64) is much higher than that of the numerical solution for g = 0 (−4.54). 6 The larger UV exponent implies a larger quark condensate. At g = 2.1, the chiral condensate obtained reaches its phenomenological value ψ ψ ≃ (−235 MeV)
for a general q = p, both vector kernels vanish ∼ 1/p for p → ∞. See ref. [9] for further discussion on the vector kernels.
Finally, fig. 5 shows the occupation number density of quark states [9] 7 a s,m † (p)a s,m (p) (2π) 3 δ 3 (0) = P (p)S 2 (p) .
On a linear scale, the results for g = 2.1 and g = 0 are almost indistinguishable. Note that for the chosen ansatz for the vacuum wave functional the densities of occupied quark and anti-quark states agree.
V. CONCLUSIONS
In this paper, we have carried out a variational calculation within the Hamilton approach to QCD [9] . The vacuum wave functional used includes the quark-gluon coupling with two different Dirac structures. The vacuum energy is calculated up to including two-loop order. In the resulting gap equation the linear UV divergences induced by these two Dirac structures cancel. When, in addition, the Coulomb potential with its correct UV form is included, also the logarithmic UV divergences cancel. The resulting finite variational equations were solved numerically. When the Coulomb string tension is put to zero, chiral symmetry turns out to be not spontaneously broken. Assuming a Coulomb string tension of σ C = 2.5σ with σ being the Wilsonian string tension the phenomenological value of the quark condensate ψ ψ ≃ (−235 MeV) 3 was reproduced for a value of g ≃ 2.1 of the quark-gluon coupling constant. The variational solution of QCD obtained in the present paper will serve as input in a forthcoming investigation of the chiral and deconfinement phase transitions.
